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DYNAMICS OF COMPOSITE ENTIRE FUNCTIONS
DINESH KUMAR, GOPAL DATT, AND SANJAY KUMAR
Abstract. It is known that the dynamics of f and g vary to a large extent from that
of its composite entire functions. Using Approximation theory of entire functions, we
have shown the existence of entire functions f and g having infinite number of domains
satisfying various properties and relating it to their composition. We have explored and
enlarged all the maximum possible ways of the solution in comparison to the past result
worked out.
1. Introduction
Let f be a transcendental entire function. For n ∈ N, let fn denote the n-th iterate of
f. The set F (f) = {z ∈ C : {fn}n∈N is normal in some neighborhood of z} is called the
Fatou set of f or the set of normality of f and its complement J(f) is the Julia set of f .
The Fatou set is open and completely invariant: z ∈ F (f) if and only if f(z) ∈ F (f) and
consequently J(f) is completely invariant. The Julia set of a transcendental entire function
is non empty, closed perfect set and unbounded. All these results and more can be found in
Bergweiler [11]. If U is a component of Fatou set F (f), then f(U) lies in some component
V of F (f) and V \ f(U) is a set which contains atmost one point [13]. This result was
also independently proved in [23]. A component U of Fatou set of f is called a wandering
domain if Uk∩Ul = ∅ for k 6= l, where Uk denotes the component of F (f) containing f
k(U),
otherwise U is called a preperiodic component of F (f), fk(Ul) = Ul for some k, l ≥ 0. If
fk(U) = U, for some k ∈ N, then U is called a periodic component of F (f). Sullivan [37]
proved that the Fatou set of any rational function has no wandering domains. It was Baker
[2] who gave the first example of an entire function having wandering domains. Thereafter
several other examples of wandering domains have been given by various authors [35].
Certain classes of transcendental functions which do not have wandering domains are also
known [3, 7, 11, 12, 19, 22, 36].
Two functions f and g are called permutable if f ◦ g = g ◦ f. Fatou [9], proved that if
f and g are two rational functions which are permutable, then F (f) = F (g). This was
the most famous result that motivated the dynamics of composition of complex functions.
Similar results for transcendental entire functions are still not known, though it holds in
some very special cases [3]. If f and g are transcendental entire functions, then so is
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f ◦ g and g ◦ f, and the dynamics of one composite entire function helps in the study of
the dynamics of the other and vice-versa. A complex number w ∈ C is a critical value
of a transcendental entire function f if there exist some w0 ∈ C with f(w0) = w and
f ′(w0) = 0. Here w0 is called a critical point of f. The image of a critical point of f is
critical value of f. Also ζ ∈ C is an asymptotic value of a transcendental entire function
f if there exist a curve Γ tending to infinity such that f(z) → ζ as z → ∞ along Γ.
In [29], the authors considered the relationship between Fatou sets and singular values
of transcendental entire functions f, g and f ◦ g. They gave various conditions under
which Fatou sets of f and f ◦ g coincide and also considered relation between the singular
values of f, g and their compositions. A natural extension of the dynamics associated
to the iteration of a complex function is the dynamics of composite of two or more such
functions and this leads to the realm of semigroups of transcendental entire functions.
In this direction, the seminal work was done by Hinkkanen and Martin [24] related to
semigroups of rational functions. In their paper, they extended the classical theory of the
dynamics associated to the iteration of a rational function of one complex variable to the
more general setting of an arbitrary semigroups of rational functions. Many of the results
were extended to semigroups of transcendental entire functions in [27, 28, 34, 39]. In [28],
the authors generalised the dynamics of a transcendental entire function on its Fatou set
to the dynamics of semigroups of transcendental entire functions. They also investigated
the dynamics of conjugate semigroups, abelian transcendental semigroups and wandering
and Baker domains of transcendental semigroups. Recall that if g and h are transcendental
entire functions and f is a continuous map of the complex plane into itself with f ◦g = h◦f,
then g and h are said to be semiconjugated by f and f is called a semiconjugacy [15]. In [30],
the first author considered the dynamics of semiconjugated entire functions and provided
several conditions under which the semiconjugacy carries Fatou set of one entire function
into Fatou set of other entire function appearing in the semiconjugation. Furthermore, it
was shown that under certain conditions on the growth of entire functions appearing in
the semiconjugation, the set of asymptotic values of the derivative of composition of the
entire functions is bounded. The following theorem is a well known result [15, 16, 33].
Theorem 1.1. Let f and g be two non-linear entire functions. Then f ◦ g has wandering
domains if and only if g ◦ f has wandering domains.
It is also known that the dynamics of f ◦ g and g ◦ f are very similar. Singh [35]
constructed several examples where the dynamics of f and g vary largely from the dynamics
of the composite entire functions. He proved the following result:
Theorem 1.2. There exist transcendental entire functions f and g such that
(i) there is a domain which lies in the wandering component of f and wandering com-
ponent of g and lies in the periodic component of g ◦ f ;
(ii) there is a domain which lies in the wandering component of f and wandering com-
ponent of g and also lies in the wandering component of f ◦ g and the wandering
component of g ◦ f ;
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(iii) there is a domain which lies in the periodic component of f and periodic component
of g, but lies in the wandering component of f ◦ g and the wandering component of
g ◦ f ;
(iv) there is a domain which lies in the periodic component of f and periodic component
of g and also in the periodic component of g◦f but lies in the wandering component
of f ◦ g.
In the construction of the proof in [35], the author has exhibited entire functions f
and g with one domain G1 satisfying the conditions of Theorem 1.2. In this connection,
one would also be interested in knowing whether it is possible to have entire functions
f and g having more than one domain satisfying the conditions of Theorem 1.2. This is
indeed possible. We have shown the existence of entire functions having infinitely many
domains satisfying the conditions of Theorem 1.2. Moreover, we have constructed several
other examples where the dynamical behavior of f and g vary greatly from the dynamical
behavior of f ◦ g and g ◦ f. We have explored and enlarged all the maximum possible ways
of the solution in comparison to the past result worked out. We will require the following
definition of Carleman set and a result from Approximation theory of entire functions to
prove the theorems in the next section, see [21]:
Definition 1.3. Let S be a closed subset of C and
C(S) = {h : S → C | h is continuous onS and analytic in the interior S◦ ofS}.
Then S is called a Carleman set (for C) if for any f ∈ C(S) and any positive continuous
function ǫ on S, there exist an entire function g such that |f(z) − g(z)| < ǫ(z), for all
z ∈ S.
Theorem 1.4. [21] Let S be a closed proper subset of C. Then S is a Carleman set in C
if and only if S satisfies:
(i) C˜ \ S is connected;
(ii) C˜ \ S is locally connected at ∞;
(iii) for every compact subset K of C there exist a neighborhood V of ∞ in C˜ such that
no component of S◦ intersects both K and V.
In our investigation, f and g are always assumed to be transcendental entire functions.
2. Theorems and their proofs
Theorem 2.1. There exist transcendental entire functions f and g having infinite number
of domains which lies in the wandering component of f and wandering component of g and
lies in the periodic component of g ◦ f.
Proof. We follow the construction of Carleman set as in [35]. Let
S = G0 ∪
{⋃
∞
k=1(Gk ∪ Bk ∪ Lk ∪Mk)
}
,
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where G0 = {z : |z − 2| ≤ 1},
Gk = {z : |z − (4k + 2)| ≤ 1} ∪ {z : Re z = 4k + 2 and Im z ≥ 1} ∪ {z : Re z =
4k + 2 and Im z ≤ −1}, k = 1, 2, . . . ,
Mk = {z : Re z = −4k}, k = 1, 2, . . . ,
Lk = {z : Re z = 4k}, k = 1, 2, . . . , and
Bk = {z : |z + (4k + 2)| ≤ 1} ∪ {z : Re z = −(4k + 2) and Im z ≥ 1} ∪ {z : Re z =
−(4k+2) and Im z ≤ −1}, k = 1, 2, . . . . Then using Theorem 1.4, we get S is a Carleman
set. It is known that the set of all natural numbers N can be expressed in an infinite array
of numbers as
{q(q − 1)
2
+ 1 + pq +
p(p+ 1)
2
: p = 0, 1, . . . , q = 1, 2, . . .
}
.
In fact, a natural number lying in row p and column q (p = 0, 1, . . . , q = 1, 2, . . .) would be
q(q−1)
2
+ 1 + pq + p(p+1)
2
. For n ∈ N, let r be the least positive integer such that r(r+1)
2
≥ n
and s = r(r+1)
2
−n. Then n lies in row nr = r− s− 1 and column nc = s+1. Thus without
any loss of generality we may denote the set Gn by its place position Gnr,nc say, or more
simply by Gi,j for suitable i, j and Gi,j may be denoted by Gn for suitable n, and similarly
for other terms. We can write Gk = Gp,q for suitable p, q. Using the continuity of e
z, for
each k = 1, 2, . . . , choose ηp,q and ξp,q such that
|ew + (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, whenever
|w − (πi+ log(4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2))| < ηp,q,
and
|ew − (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, whenever
|w − log(4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| < ξp,q.
Also choose δ0, δq, δ
′
q so that
|ew − 2| <
1
2
, whenever |w − log 2| < δ0,
|ew + (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, whenever |w − (πi+ log(4(
q(q − 1)
2
+ 1) + 2))| < δq,
and
|ew − (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, whenever |w − log(4(
q(q − 1)
2
+ 1) + 2)| < δ′q.
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Define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log(4( q(q−1)
2
+ 1) + 2), z ∈ Gp,q, p ≥ 0, q ≥ 1
πi+ log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Bp,q, p ≥ 0, q ≥ 1
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
log(4( q(q−1)
2
+ 1) + 2), z ∈ Bp,q, p = 0, 1, . . . , q = 1, 2, . . .
log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Gp,q, p = 0, 1, . . . , q = 1, 2, . . .
ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δq, z ∈ Gp,q, p = 0, 1, . . . , q = 1, 2, . . .
ηp,q, z ∈ Bp,q, p = 0, 1, . . . , q = 1, 2, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ′q, z ∈ Bp,q, p = 0, 1, . . . , q = 1, 2, . . .
ξp,q, z ∈ Gp,q, p = 0, 1, . . . , q = 1, 2, . . .
Clearly α(z) is continuous on S and analytic in S◦. Thus there is an entire function γ(z)
such that |γ(z)−α(z)| < ǫ(z) for all z ∈ S. The function f(z) = eγ(z) is an entire function
which satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|f(z) + (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ Gp,q, p = 0, 1, . . . , q = 1, 2, . . . ,
and
|f(z)+(4(
q(q + 1)
2
+1+p(q+1)+
p(p+ 1)
2
)+2)| <
1
2
, z ∈ Bp,q, p = 0, 1, . . . , q = 1, 2, . . . .
Therefore f maps G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
into the smaller disk |z − 2| < 1
2
of G0, and so
G0∪
{⋃
∞
k=1(Lk ∪Mk)
}
contains a fixed point ζ such that fn
(
G0∪
{⋃
∞
k=1(Lk ∪Mk)
})
→ ζ
as n→∞, which implies that G0∪
{⋃
∞
k=1(Lk ∪Mk)
}
⊂ F (f). Also f maps each Gp,q, p =
0, 1, . . . , q = 1, 2, . . . inside a smaller disk of B0,q and each Bp,q, p = 0, 1, . . . , q = 1, 2, . . . is
mapped inside a smaller disk of Bp,q+1. Therefore each Gp,q and also each Bp,q lies in the
Fatou set of f . Let Cp,q be the components of Gp,q. Then Cp,q are wandering domains for
f. Now as β(z) is also continuous on S and analytic in S◦, there exist an entire function
γ1(z) such that if g(z) = e
γ1(z) then
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z)− (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ Bp,q, p = 0, 1, . . . , q = 1, 2, . . . ,
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and
|g(z)−(4(
q(q + 1)
2
+1+p(q+1)+
p(p + 1)
2
)+2)| <
1
2
, z ∈ Gp,q, p = 0, 1, . . . , q = 1, 2, . . . .
Using similar arguments as before, G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
⊂ F (g). Also g maps each
Bp,q, p = 0, 1, . . . , q = 1, 2, . . . inside a smaller disk in G0,q and each Gp,q, p = 0, 1, . . . , q =
1, 2, . . . is mapped inside a smaller disk in Gp,q+1, so that each Gp,q as well as each Bp,q lies
in F (g). Let C0,q, C
′
0,q respectively be the components of F (f) and F (g) containing G0,q.
Since every unbounded Fatou component of a transcendental entire function is simply
connected [1, Theorem 1], it follows that G0,q = C0,q ∩ C
′
0,q ∩ G0,q are simply connected
domains which lies in the wandering component of f and also in the wandering component
of g. Also for any z ∈ G0,q, |f(z) + (4(
q(q−1)
2
+ 1) + 2)| < 1
2
, so that f(z) ∈ B0,q and
consequently, |g(f(z))− 4( q(q−1)
2
+ 1) + 2)| < 1
2
. Thus g(f(z)) lies in G0,q. Further since f
and g are contractions, it follows that G0,q ⊂ F (g ◦ f) and lies in periodic component of
g ◦ f. 
Theorem 2.2. There exist transcendental entire functions f and g having infinite number
of domains which lies in the wandering component of f and wandering component of g and
also lies in the wandering component of f ◦ g and the wandering component of g ◦ f.
Proof. Let S, α, f, ǫ(z), δ0, δq, ηp,q be as defined in the Theorem 2.1. For each k = 1, 2, . . . ,
choose ξp,q so that
|ew − (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, whenever
|w − log(4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| < ξp,q.
Define
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Bp,q, p ≥ 0, q ≥ 1
πi+ log(4( q(q−1)
2
+ 1) + 2), z ∈ G0,q, q = 1, 2, . . .
log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Gp,q, p, q = 1, 2, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
ηp,q, z ∈ Bp,q, p = 0, 1, . . . , q = 1, 2, . . .
δq, z ∈ G0,q, q = 1, 2, . . .
ξp,q, z ∈ Gp,q, p, q = 1, 2, . . .
Clearly β(z) is continuous on S and analytic in S◦. So there is an entire function γ1(z)
such that |β(z)− γ1(z)| < ǫ1(z) for all z ∈ S. The entire function g(z) = e
γ1(z) satisfies
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
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|g(z)+(4(
q(q + 1)
2
+1+p(q+1)+
p(p+ 1)
2
)+2)| <
1
2
, z ∈ Bp,q, p = 0, 1, . . . , q = 1, 2, . . . ,
|g(z) + (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ G0,q, q = 1, 2, . . . ,
and
|g(z)− (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, z ∈ Gp,q, p, q = 1, 2, . . . .
This implies that g maps G0,q, q = 1, 2, . . . into a smaller disk in B0,q, each Gp,q, p, q =
1, 2, . . . into a smaller disk in Gp,q+1, and each Bp,q, p = 0, 1, . . . , q = 1, 2, . . . into a smaller
disk in Bp,q+1. As in Theorem 2.1, it can be easily seen that G0,q lies in the wandering
component of f and wandering component of g and also lies in the wandering component
of f ◦ g and wandering component of g ◦ f. 
Theorem 2.3. There exist transcendental entire functions f and g having infinite number
of domains which lies in the periodic component of f and periodic component of g but lies
in the wandering component of g ◦ f and the wandering component of f ◦ g.
Proof. We construct the functions f and g on the Carleman set S of Theorem 2.1. Using
the continuity of ez, for each q = 1, 2, . . . , choose δ0, δq, δ
′
q so that
|ew − 2| <
1
2
, whenever |w − log 2| < δ0,
|ew + (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, whenever |w − (πi+ log(4(
q(q − 1)
2
+ 1) + 2))| < δq,
and
|ew − (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, whenever |w − log(4(
q(q − 1)
2
+ 1) + 2)| < δ′q.
Also choose ξp,q and ηp,q such that
|ew − (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, whenever
|w − log(4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| < ξp,q,
and
|ew + (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, whenever
|w − (πi+ log(4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2))| < ηp,q.
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Define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log(4( q(q−1)
2
+ 1) + 2), z ∈ G0,q, q = 1, 2, . . .
log(4( q(q−1)
2
+ 1) + 2), z ∈ B0,q, q = 1, 2, . . .
πi+ log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Bp,q, p, q = 1, 2, . . .
log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Gp,q, p, q = 1, 2, . . .
and
ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δq, z ∈ G0,q, q = 1, 2, . . .
δ′q, z ∈ B0,q, q = 1, 2, . . .
ηp,q, z ∈ Bp,q, p, q = 1, 2, . . .
ξp,q, z ∈ Gp,q, p, q = 1, 2, . . .
As S is a Carleman set, α(z) is continuous on S and analytic in S◦, there exist an entire
function γ(z) such that |γ(z)−α(z)| < ǫ(z) for all z ∈ S. Consequently, the entire function
f(z) = eγ(z) satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|f(z) + (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ G0,q, q = 1, 2, . . . ,
|f(z)− (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ B0,q, q = 1, 2, . . . ,
|f(z) + (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, z ∈ Bp,q, p, q = 1, 2, . . . ,
and
|f(z)− (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, z ∈ Gp,q, p, q = 1, 2, . . . .
Therefore the function f satisfies
f
(
G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
})
⊂ {z : |z − 2| <
1
2
} ⊂ G0,
f(G0,q) ⊂ {z : |z + (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
} ⊂ B0,q, q = 1, 2, . . . ,
f(B0,q) ⊂ {z : |z − (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
} ⊂ G0,q, q = 1, 2, . . . ,
f(Bp,q) ⊂ {z : |z + (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
} ⊂ Bp,q+1, p, q ≥ 1,
and
f(Gp,q) ⊂ {z : |z − (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
} ⊂ Gp,q+1, p, q ≥ 1.
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We now choose µq, µ
′
q so that
|ew+(4(
q(q − 1)
2
+q+2)+2)| <
1
2
, whenever |w−(πi+log(4(
q(q − 1)
2
+q+2)+2))| < µq,
and
|ew+(4(
q(q − 1)
2
+2q+4)+2)| <
1
2
, whenever |w−(πi+log(4(
q(q − 1)
2
+2q+4)+2))| < µ′q.
Next define
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log(4( q(q−1)
2
+ q + 2) + 2), z ∈ G0,q, q = 1, 2, . . .
πi+ log(4( q(q−1)
2
+ 2q + 4) + 2), z ∈ B0,q, q = 1, 2, . . .
πi+ log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Bp,q, p ≥ 2, q = 1, 2, . . .
log(4( q(q−1)
2
+ 1) + 2), z ∈ B1,q, q = 1, 2, . . .
log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Gp,q, p, q = 1, 2, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
µq, z ∈ G0,q, q = 1, 2, . . .
µ′q, z ∈ B0,q, q = 1, 2, . . .
ηp,q, z ∈ Bp,q, p ≥ 2, q = 1, 2, . . .
δ′q, z ∈ B1,q, q = 1, 2, . . .
ξp,q, z ∈ Gp,q, p, q = 1, 2, . . .
As β(z) is continuous on S and analytic in S◦, there exist an entire function γ1(z) such
that |γ1(z)− β(z)| < ǫ1(z) for all z ∈ S. The entire function g(z) = e
γ1(z) satisfies
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z) + (4(
q(q − 1)
2
+ q + 2) + 2)| <
1
2
, z ∈ G0,q, q = 1, 2, . . . ,
|g(z) + (4(
q(q − 1)
2
+ 2q + 4) + 2)| <
1
2
, z ∈ B0,q, q = 1, 2, . . . ,
|g(z) + (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, z ∈ Bp,q, p ≥ 2, q = 1, 2, . . . ,
|g(z)− (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ B1,q, q = 1, 2, . . . ,
and
|g(z)− (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2| <
1
2
, z ∈ Gp,q, p, q = 1, 2, . . . .
Thus the function g satisfies
g
(
G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
})
⊂ {z : |z − 2| <
1
2
} ⊂ G0,
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g(G0,q) ⊂ {z : |z + (4(
q(q − 1)
2
+ q + 2) + 2)| <
1
2
} ⊂ B1,q, q = 1, 2, . . . ,
g(B0,q) ⊂ {z : |z + (4(
q(q − 1)
2
+ 2q + 4) + 2)| <
1
2
} ⊂ B2,q, q = 1, 2, . . . ,
g(B1,q) ⊂ {z : |z − (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
} ⊂ G0,q, q = 1, 2, . . . ,
g(Bp,q) ⊂ {z : |z+(4(
q(q + 1)
2
+1+p(q+1)+
p(p+ 1)
2
)+2)| <
1
2
} ⊂ Bp,q+1, p ≥ 2, q ≥ 1,
and
g(Gp,q) ⊂ {z : |z−(4(
q(q + 1)
2
+1+p(q+1)+
p(p+ 1)
2
)+2)| <
1
2
} ⊂ Gp,q+1, p, q = 1, 2, . . . .
It can now be easily seen that G0,q lies in the periodic component of f and periodic
component of g but lies in the wandering component of g ◦ f and wandering component of
f ◦ g. 
Theorem 2.4. There exist transcendental entire functions f and g having infinite number
of domains which lies in the periodic component of f and periodic component of g and also
in the periodic component of g ◦ f but lies in the wandering component of f ◦ g.
Proof. Let S, δ0, δq, δ
′
q be as in Theorem 2.1. Choose δ
′′
q , δ1,q, δ2,q such that
|ew+(4(
q(q − 1)
2
+3q+7)+2)| <
1
2
, whenever |w−(πi+log(4(
q(q − 1)
2
+3q+7)+2))| < δ1,q,
|ew+(4(
q(q − 1)
2
+q+2)+2)| <
1
2
, whenever |w−(πi+log(4(
q(q − 1)
2
+q+2)+2))| < δ2,q,
and
|ew+(4(
q(q − 1)
2
+2q+4)+2)| <
1
2
, whenever |w−(πi+log(4(
q(q − 1)
2
+2q+4)+2))| < δ′′q .
Also choose ξp,q and ηp,q such that
|ew − (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, whenever
|w − log(4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| < ξp,q,
and
|ew + |(4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, whenever
|w − (πi+ log(4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| < ηp,q.
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Define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log(4( q(q−1)
2
+ 1) + 2), z ∈ G0,q, q = 1, 2, . . .
log(4( q(q−1)
2
+ 1) + 2), z ∈ B0,q, q = 1, 2, . . .
πi+ log(4( q(q−1)
2
+ 3q + 7) + 2), z ∈ B1,q, q = 1, 2, . . .
πi+ log(4( q(q−1)
2
+ q + 2) + 2), z ∈ B2,q, q = 1, 2, . . .
πi+ log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Bp,q, p ≥ 3, q = 1, 2, . . .
log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Gp,q, p, q = 1, 2, . . .
and
ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δq, z ∈ G0,q, q = 1, 2, . . .
δ′q, z ∈ B0,q, q = 1, 2, . . .
δ1,q, z ∈ B1,q, q = 1, 2, . . .
δ2,q, z ∈ B2,q, q = 1, 2, . . .
ηp,q, z ∈ Bp,q, p ≥ 3, q = 1, 2, . . .
ξp,q, z ∈ Gp,q, p, q = 1, 2, . . .
As in Theorem 2.3, there exist an entire function γ(z) and consequently, an entire function
f(z) = eγ(z) which satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|f(z) + (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ G0,q, q = 1, 2, . . . ,
|f(z)− (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ B0,q, q = 1, 2, . . . ,
|f(z) + (4(
q(q − 1)
2
+ 3q + 7) + 2)| <
1
2
, z ∈ B1,q, q = 1, 2, . . . ,
|f(z) + (4(
q(q − 1)
2
+ q + 2) + 2)| <
1
2
, z ∈ B2,q, q = 1, 2, . . . ,
|f(z) + (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, z ∈ Bp,q, p ≥ 3, q = 1, 2, . . . ,
and
|f(z)− (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, z ∈ Gp,q, p, q = 1, 2, . . . .
So the function f satisfies
f
(
G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
})
⊂ {z : |z − 2| <
1
2
} ⊂ G0,
f(G0,q) ⊂ {z : |z + (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
} ⊂ B0,q, q = 1, 2, . . . ,
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f(B0,q) ⊂ {z : |z − (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
} ⊂ G0,q, q = 1, 2, . . . ,
f(B1,q) ⊂ {z : |z + (4(
q(q − 1)
2
+ 3q + 7) + 2)| <
1
2
} ⊂ B3,q, q = 1, 2, . . . ,
f(B2,q) ⊂ {z : |z + (4(
q(q − 1)
2
+ q + 2) + 2)| <
1
2
} ⊂ B1,q, q = 1, 2, . . . ,
f(Bp,q) ⊂ {z : |z+(4(
q(q + 1)
2
+1+p(q+1)+
p(p+ 1)
2
)+2)| <
1
2
} ⊂ Bp,q+1, p ≥ 3, q ≥ 1,
and
f(Gp,q) ⊂ {z : |z−(4(
q(q + 1)
2
+1+p(q+1)+
p(p+ 1)
2
)+2| <
1
2
} ⊂ Gp,q+1, p, q = 1, 2, . . . .
We now define
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log(4( q(q−1)
2
+ q + 2) + 2), z ∈ G0,q, q = 1, 2, . . .
πi+ log(4( q(q−1)
2
+ 2q + 4) + 2), z ∈ B0,q, q = 1, 2, . . .
log(4( q(q−1)
2
+ 1) + 2), z ∈ B1,q, q = 1, 2, . . .
πi+ log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2), z ∈ Bp,q, p ≥ 2, q = 1, 2, . . .
log(4( q(q+1)
2
+ 1 + p(q + 1) + p(p+1)
2
) + 2, z ∈ Gp,q, p, q = 1, 2, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ2,q, z ∈ G0,q, q = 1, 2, . . .
δ′′q , z ∈ B0,q, q = 1, 2, . . .
δ′q, z ∈ B1,q, q = 1, 2, . . .
ηp,q, z ∈ Bp,q, p ≥ 2, q = 1, 2, . . .
ξp,q, z ∈ Gp,q, p, q = 1, 2, . . .
Again as in Theorem 2.3, there exist an entire function g(z) = eγ1(z) which satisfies
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z) + (4(
q(q − 1)
2
+ q + 2) + 2)| <
1
2
, z ∈ G0,q, q = 1, 2, . . . ,
|g(z) + (4(
q(q − 1)
2
+ 2q + 4) + 2)| <
1
2
, z ∈ B0,q, q = 1, 2, . . . ,
|g(z)− (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
, z ∈ B1,q, q = 1, 2, . . . ,
|g(z) + (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, z ∈ Bp,q, p ≥ 2, q = 1, 2, . . . ,
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and
|g(z)− (4(
q(q + 1)
2
+ 1 + p(q + 1) +
p(p+ 1)
2
) + 2)| <
1
2
, z ∈ Gp,q, p, q = 1, 2, . . . .
Therefore the function g satisfies
g
(
G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
})
⊂ {z : |z − 2| <
1
2
} ⊂ G0,
g(G0,q) ⊂ {z : |z + (4(
q(q − 1)
2
+ q + 2) + 2)| <
1
2
} ⊂ B1,q, q = 1, 2, . . . ,
g(B0,q) ⊂ {z : |z + (4(
q(q − 1)
2
+ 2q + 4) + 2)| <
1
2
} ⊂ B2,q, q = 1, 2, . . . ,
g(B1,q) ⊂ {z : |z − (4(
q(q − 1)
2
+ 1) + 2)| <
1
2
} ⊂ G0,q, q = 1, 2, . . . ,
g(Bp,q) ⊂ {z : |z+(4(
q(q + 1)
2
+1+p(q+1)+
p(p+ 1)
2
)+2)| <
1
2
} ⊂ Bp,q+1, p ≥ 2, q ≥ 1,
and
g(Gp,q) ⊂ {z : |z−(4(
q(q + 1)
2
+1+p(q+1)+
p(p+ 1)
2
)+2)| <
1
2
} ⊂ Gp,q+1, p, q = 1, 2, . . . .
It can now be easily seen that G0,q lies in the periodic component of f and periodic
component of g and also lies in the periodic component of g ◦ f but lies in the wandering
component of f ◦ g. 
Theorem 2.5. There exist transcendental entire functions f and g having a domain which
lies in the periodic component of f and wandering component of g and lies in the preperiodic
component of g ◦ f and periodic component of f ◦ g.
Proof. Let S be the Carleman set defined as in Theorem 2.1. Using the continuity of ez,
for each k = 1, 2, . . . , choose ηk and ξk such that
|ew + (4k + 6)| <
1
2
, whenever |w − (πi+ log(4k + 6))| < ηk,
and
|ew − (4k + 6)| <
1
2
, whenever |w − log(4k + 6)| < ξk.
Also choose δ0, δ1, δ2, δ3, δ4 so that
|ew − 2| <
1
2
, whenever |w − log 2| < δ0,
|ew + 6| <
1
2
, whenever |w − (πi+ log 6)| < δ1,
|ew − 6| <
1
2
, whenever |w − log 6| < δ2,
|ew − 10| <
1
2
, whenever |w − log 10| < δ3,
and
|ew + 10| <
1
2
, whenever |w − (πi+ log 10)| < δ4.
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We next define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
log 6, z ∈ B2
πi+ log 10, z ∈ G2
log 10, z ∈ B1
πi+ log(4k + 6), z ∈ Bk, k = 3, 4, . . .
log(4k + 6), z ∈ Gk, k = 3, 4, . . .
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
πi+ log 10, z ∈ G2
πi+ log(4k + 6), z ∈ Bk, k = 1, 2, . . .
log(4k + 6), z ∈ Gk, k = 3, 4, . . .
ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
δ2, z ∈ B2
δ4, z ∈ G2
δ3, z ∈ B1
ηk, z ∈ Bk, k = 3, 4, . . .
ξk, z ∈ Gk, k = 3, 4, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
δ4, z ∈ G2
ηk, z ∈ Bk, k = 1, 2, . . .
ξk, z ∈ Gk, k = 3, 4, . . .
Clearly α(z) is continuous on S and analytic in S◦. So there is an entire function γ(z) such
that |γ(z)− α(z)| < ǫ(z) for all z ∈ S. The function f(z) = eγ(z) is an entire function and
it satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|f(z) + 6| <
1
2
, z ∈ G1,
|f(z)− 6| <
1
2
, z ∈ B2,
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|f(z) + 10| <
1
2
, z ∈ G2,
|f(z)− 10| <
1
2
, z ∈ B1,
|f(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 3, 4, . . . ,
and
|f(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 3, 4, . . . .
Also β(z) is continuous on S and analytic in S◦, there exist an entire function γ1(z) such
that if g(z) = eγ1(z), then
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z) + 6| <
1
2
, z ∈ G1,
|g(z) + 10| <
1
2
, z ∈ G2,
|g(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 1, 2, . . . ,
and
|g(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 3, 4, . . . .
It can now be easily seen that G1 lies in the periodic component of f and wandering
component of g and lies in the preperiodic component of g ◦ f and periodic component of
f ◦ g. 
Remark 2.6. (i) B2 lies in the periodic component of f and wandering component of
g and lies in the periodic component of g ◦ f and wandering component of f ◦ g.
(ii) B1 lies in the periodic component of f and wandering component of g and lies in
the periodic component of g ◦ f and preperiodic component of f ◦ g.
(iii) G2 lies in the periodic component of f and wandering component of g and lies in
the wandering component of g ◦ f and periodic component of f ◦ g.
(iv) Both Gk, k ≥ 3 and Bk, k ≥ 3 lies in the wandering component of f and wandering
component of g and also lies in the wandering component of g◦f and the wandering
component of f ◦ g.
Theorem 2.7. There exist transcendental entire functions f and g having a domain which
lies in the periodic component of f and wandering component of g and also lies in the
wandering component of g ◦ f and wandering component of f ◦ g.
Proof. Let S be the Carleman set defined as in Theorem 2.1. Using the continuity of ez,
for each k = 1, 2, . . . , choose δ0, δ1, δ2, δ3, ηk, ξk such that
|ew − 2| <
1
2
, whenever |w − log 2| < δ0,
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|ew + 6| <
1
2
, whenever |w − (πi+ log 6)| < δ1,
|ew + 10| <
1
2
, whenever |w − (πi+ log 10)| < δ2,
|ew − 6| <
1
2
, whenever |w − log 6| < δ3,
|ew + (4k + 6)| <
1
2
, whenever |w − (πi+ log(4k + 6))| < ηk,
and
|ew − (4k + 6)| <
1
2
, whenever |w − log(4k + 6)| < ξk.
Define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
πi+ log 10, z ∈ B1
log 6, z ∈ B2
πi+ log(4k + 6), z ∈ Bk, k = 3, 4, . . .
log(4k + 6), z ∈ Gk, k = 2, 3, . . .
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
πi+ log(4k + 6), z ∈ Bk, k = 1, 2, . . .
log(4k + 6), z ∈ Gk, k = 2, 3, . . .
ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
δ2, z ∈ B1
δ3, z ∈ B2
ηk, z ∈ Bk, k = 3, 4, . . .
ξk, z ∈ Gk, k = 2, 3, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
ηk, z ∈ Bk, k = 1, 2, . . .
ξk, z ∈ Gk, k = 2, 3, . . .
Clearly α(z) is continuous on S and analytic in S◦. Thus there is an entire function γ(z)
such that |γ(z)−α(z)| < ǫ(z) for all z ∈ S. The function f(z) = eγ(z) is an entire function
and it satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
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|f(z) + 6| <
1
2
, z ∈ G1,
|f(z) + 10| <
1
2
, z ∈ B1,
|f(z)− 6| <
1
2
, z ∈ B2,
|f(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 3, 4, . . . ,
and
|f(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 2, 3, . . . .
Also β(z) is continuous on S and analytic in S◦, there exist an entire function γ1(z) such
that if g(z) = eγ1(z) then
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z) + 6| <
1
2
, z ∈ G1,
|g(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 1, 2, . . . ,
and
|g(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 2, 3, . . . .
It can now be easily seen that G1 lies in the periodic component of f and wandering
component of g and also lies in the wandering component of g◦f and wandering component
of f ◦ g. 
Remark 2.8. (i) Both B1 and B2 lies in the periodic component of f and wandering
component of g and also lies in the wandering component of g◦f and the wandering
component of f ◦ g.
(ii) Both Bk, k ≥ 3 and Gk, k ≥ 2 lies in the wandering component of f and wandering
component of g and also lies in the wandering component of g◦f and the wandering
component of f ◦ g.
Theorem 2.9. There exist transcendental entire functions f and g having a domain which
lies in the periodic component of f and wandering component of g and lies in the periodic
component of g ◦ f and periodic component of f ◦ g.
Proof. Let S be the Carleman set defined as in Theorem 2.1. Using the continuity of ez,
for each k = 1, 2, . . . , choose ηk, ξk, µk so that
|ew + (4k + 6)| <
1
2
, whenever |w − (πi+ log(4k + 6))| < ηk,
|ew − (4k + 6)| <
1
2
, whenever |w − log(4k + 6)| < ξk,
and
|ew + (4k − 2)| <
1
2
, whenever |w − (πi+ log(4k − 2))| < µk.
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Also choose δ0, δ1, δ2, δ3 so that
|ew − 2| <
1
2
, whenever |w − log 2| < δ0,
|ew + 6| <
1
2
, whenever |w − (πi+ log 6)| < δ1,
|ew − 6| <
1
2
, whenever |w − log 6| < δ2,
and
|ew + 14| <
1
2
, whenever |w − (πi+ log 14)| < δ3.
We next define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
log 6, z ∈ B1
log 6, z ∈ B2
πi+ log(4k − 2), z ∈ Bk, k = 3, 4, . . .
log(4k + 6), z ∈ Gk, k = 2, 3, . . .
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
log 6, z ∈ B2
πi+ log 14, z ∈ B1
πi+ log(4k + 6), z ∈ Bk, k = 3, 4, . . .
log(4k + 6), z ∈ Gk, k = 2, 3, . . .
ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
δ2, z ∈ B1
δ2, z ∈ B2
µk, z ∈ Bk, k = 3, 4, . . .
ξk, z ∈ Gk, k = 2, 3, . . .
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and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
δ2, z ∈ B2
δ3, z ∈ B1
ηk, z ∈ Bk, k = 3, 4, . . .
ξk, z ∈ Gk, k = 2, 3, . . .
Clearly α(z) is continuous on S and analytic in S◦. So there is an entire function γ(z) such
that |γ(z)− α(z)| < ǫ(z) for all z ∈ S. The function f(z) = eγ(z) is an entire function and
it satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|f(z) + 6| <
1
2
, z ∈ G1,
|f(z)− 6| <
1
2
, z ∈ B1,
|f(z)− 6| <
1
2
, z ∈ B2,
|f(z) + (4k − 2)| <
1
2
, z ∈ Bk, k = 3, 4, . . . ,
and
|f(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 2, 3, . . . .
Also β(z) is a continuous function on S and analytic in S◦, there exist an entire function
γ1(z) such that if g(z) = e
γ1(z) then
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z) + 6| <
1
2
, z ∈ G1,
|g(z)− 6| <
1
2
, z ∈ B2,
|g(z) + 14| <
1
2
, z ∈ B1,
|g(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 3, 4, . . . ,
and
|g(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 2, 3, . . . .
It can now be easily seen that G1 lies in the periodic component of f and wandering
component of g and lies in the periodic component of g ◦ f and periodic component of
f ◦ g. 
20 D. KUMAR, G.DATT, AND S. KUMAR
Remark 2.10. (i) Similar to G1, B1 lies in the periodic component of f and wandering
component of g and lies in the periodic component of g ◦f and periodic component
of f ◦ g.
(ii) B2 lies in the preperiodic component of f and wandering component of g and lies
in the preperiodic component of g ◦ f and periodic component of f ◦ g.
(iii) Bk, k ≥ 3 lies in the preperiodic component of f and wandering component of g
and lies in the periodic component of g ◦ f and periodic component of f ◦ g.
(iv) Gk, k ≥ 2 lies in the wandering component of f and wandering component of g
and also lies in the wandering component of g ◦ f and the wandering component of
f ◦ g.
Theorem 2.11. There exist transcendental entire functions f and g having a domain
which lies in the periodic component of f and wandering component of g and lies in the
preperiodic component of g ◦ f and wandering component of f ◦ g.
Proof. Let S be the Carleman set defined as in Theorem 2.1. Using the continuity of ez,
for each k = 1, 2, . . . , choose ηk, ξk such that
|ew + (4k + 6)| <
1
2
, whenever |w − (πi+ log(4k + 6))| < ηk,
and
|ew − (4k + 6)| <
1
2
, whenever |w − log(4k + 6)| < ξk.
Also choose δ0, δ1, δ2, δ3, δ4, δ5 so that
|ew − 2| <
1
2
, whenever |w − log 2| < δ0,
|ew + 6| <
1
2
, whenever |w − (πi+ log 6)| < δ1,
|ew − 6| <
1
2
, whenever |w − log 6| < δ2,
|ew + 10| <
1
2
, whenever |w − (πi+ log 10)| < δ3,
|ew + 14| <
1
2
, whenever |w − (πi+ log 14)| < δ4,
and
|ew + 18| <
1
2
, whenever |w − (πi+ log 18)| < δ5.
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Define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
log 6, z ∈ B1
πi+ log 14, z ∈ B2
πi+ log 18, z ∈ B3
πi+ log 6, z ∈ B4
πi+ log(4k + 6), z ∈ Bk, k = 5, 6, . . .
log(4k + 6), z ∈ Gk, k = 2, 3, . . .
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 10, z ∈ B1
log 6, z ∈ B2
πi+ log 18, z ∈ B3
πi+ log 6, z ∈ B4
πi+ log(4k + 6), z ∈ Bk, k = 5, 6, . . .
log(4k + 6), z ∈ Gk, k = 1, 2, . . .
ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
δ2, z ∈ B1
δ4, z ∈ B2
δ5, z ∈ B3
δ1, z ∈ B4
ηk, z ∈ Bk, k = 5, 6, . . .
ξk, z ∈ Gk, k = 2, 3, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ3, z ∈ B1
δ2, z ∈ B2
δ5, z ∈ B3
δ1, z ∈ B4
ξk, z ∈ Gk, k = 1, 2, . . .
ηk, z ∈ Bk, k = 5, 6, . . .
Clearly α(z) is continuous on S and analytic in S◦. Thus there is an entire function γ(z)
such that |γ(z)−α(z)| < ǫ(z) for all z ∈ S. The function f(z) = eγ(z) is an entire function
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and it satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|f(z) + 6| <
1
2
, z ∈ G1,
|f(z)− 6| <
1
2
, z ∈ B1,
|f(z) + 14| <
1
2
, z ∈ B2,
|f(z) + 18| <
1
2
, z ∈ B3,
|f(z) + 6| <
1
2
, z ∈ B4,
|f(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 5, 6, . . . ,
and
|f(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 2, 3, . . . .
Also β(z) is a continuous function on S and analytic in S◦, there exist an entire function
γ1(z) such that if g(z) = e
γ1(z) then
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z) + 10| <
1
2
, z ∈ B1,
|g(z)− 6| <
1
2
, z ∈ B2,
|g(z) + 18| <
1
2
, z ∈ B3,
|g(z) + 6| <
1
2
, z ∈ B4,
|g(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 5, 6, . . . ,
and
|g(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 1, 2, . . . .
It can now be easily seen that G1 lies in the periodic component of f and wandering
component of g and lies in the preperiodic component of g ◦ f and wandering component
of f ◦ g. 
Remark 2.12. (i) Gk, k ≥ 2 lies in the wandering component of f and wandering
component of g and also lies in the wandering component of g◦f and the wandering
component of f ◦ g.
(ii) B1 lies in the periodic component of f and wandering component of g and lies in
the wandering component of g ◦ f and periodic component of f ◦ g.
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(iii) B2 lies in the preperiodic component of f and wandering component of g and lies
in the periodic component of g ◦ f and preperiodic component of f ◦ g.
(iv) B3 lies in the preperiodic component of f and wandering component of g and lies
in the wandering component of g ◦ f and periodic component of f ◦ g.
(v) B4 lies in the preperiodic component of f and wandering component of g and lies
in the periodic component of g ◦ f and wandering component of f ◦ g.
(vi) Bk, k ≥ 5 lies in the wandering component of f and wandering component of g
and also lies in the wandering component of g ◦ f and the wandering component of
f ◦ g.
Theorem 2.13. There exist transcendental entire functions f and g having infinite number
of domains which lies in the preperiodic component of f and preperiodic component of g
and also lies in the preperiodic component of g ◦ f and preperiodic component of f ◦ g.
Proof. Let S be the Carleman set defined as in Theorem 2.1. Using the continuity of ez,
for each k = 1, 2, . . . , choose δ0, δ1, δ2, µk, νk such that
|ew − 2| <
1
2
, whenever |w − log 2| < δ0,
|ew + 6| <
1
2
, whenever |w − (πi+ log 6)| < δ1,
|ew + 10| <
1
2
, whenever |w − (πi+ log 10)| < δ2,
|ew + (4k − 2)| <
1
2
, whenever |w − (πi+ log(4k − 2))| < µk,
and
|ew − (4k − 2)| <
1
2
, whenever |w − log(4k − 2)| < νk.
We next define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ Gk, k = 1, 2, . . .
πi+ log 10, z ∈ B1
πi+ log(4k − 2), z ∈ Bk, k = 2, 3, . . .
β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
πi+ log 10, z ∈ B1
πi+ log(4k − 2), z ∈ Bk, k = 2, 3, . . .
log(4k − 2), z ∈ Gk, k = 2, 3, . . .
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ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ Gk, k = 1, 2, . . .
δ2, z ∈ B1
µk, z ∈ Bk, k = 2, 3, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
δ2, z ∈ B1
µk, z ∈ Bk, k = 2, 3, . . .
νk, z ∈ Gk, k = 2, 3, . . .
Clearly α(z) is continuous on S and analytic in S◦. So there is an entire function γ(z) such
that |γ(z)− α(z)| < ǫ(z) for all z ∈ S. The function f(z) = eγ(z) is an entire function and
it satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|f(z) + 6| <
1
2
, z ∈ Gk, k = 1, 2, . . . ,
|f(z) + 10| <
1
2
, z ∈ B1,
and
|f(z) + (4k − 2)| <
1
2
, z ∈ Bk, k = 2, 3, . . . .
Also β(z) is continuous on S and analytic in S◦, there exist an entire function γ1(z) such
that if g(z) = eγ1(z) then
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z) + 6| <
1
2
, z ∈ G1,
|g(z) + 10| <
1
2
, z ∈ B1,
|g(z) + (4k − 2)| <
1
2
, z ∈ Bk, k = 2, 3, . . . ,
and
|g(z)− (4k − 2)| <
1
2
, z ∈ Gk, k = 2, 3, . . . .
It can now be easily seen that each Gk, k = 1, 2, . . . lies in the preperiodic component of
f and preperiodic component of g and also lies in the preperiodic component of g ◦ f and
preperiodic component of f ◦ g. 
Remark 2.14. (i) Both B1 and B2 lies in the periodic component of f and periodic
component of g and also lies in the periodic component of g ◦ f and periodic
component of f ◦ g.
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(ii) Bk, k ≥ 3 lies in the preperiodic component of f and preperiodic component of g
and also lies in the preperiodic component of g ◦ f and preperiodic component of
f ◦ g.
Theorem 2.15. There exist transcendental entire functions f and g having a domain
which lies in the preperiodic component of f and preperiodic component of g and also lies
in the preperiodic component of g ◦ f but lies in the wandering component of f ◦ g.
Proof. Let S be the Carleman set defined as in Theorem 2.1. Using the continuity of ez,
for each k = 1, 2, . . . , choose ηk, ξk so that
|ew + (4k + 6)| <
1
2
, whenever |w − (πi+ log(4k + 6))| < ηk,
and
|ew − (4k + 6)| <
1
2
, whenever |w − log(4k + 6)| < ξk.
Also choose δ0, δ1, δ2, δ3, δ4 so that
|ew − 2| <
1
2
, whenever |w − log 2| < δ0,
|ew + 6| <
1
2
, whenever |w − (πi+ log 6)| < δ1,
|ew − 10| <
1
2
, whenever |w − log 10| < δ2,
|ew + 10| <
1
2
, whenever |w − (πi+ log 10)| < δ3,
and
|ew + 14| <
1
2
, whenever |w − (πi+ log 14)| < δ4.
We next define
α(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 6, z ∈ G1
log 10, z ∈ B1
πi+ log 6, z ∈ G2
πi+ log(4k + 6), z ∈ Bk, k = 2, 3, . . .
log(4k + 6), z ∈ Gk, k = 3, 4, . . .
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β(z) =


log 2, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
πi+ log 14, z ∈ G1
log 10, z ∈ B1
πi+ log 14, z ∈ B2
πi+ log 10, z ∈ B3
log(4k + 6), z ∈ Gk, k = 2, 3, . . .
πi+ log(4k + 6), z ∈ Bk, k = 4, 5, . . .
ǫ(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ1, z ∈ G1
δ2, z ∈ B1
δ1, z ∈ G2
ηk, z ∈ Bk, k = 2, 3, . . .
ξk, z ∈ Gk, k = 3, 4, . . .
and
ǫ1(z) =


δ0, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
δ4, z ∈ G1
δ2, z ∈ B1
δ4, z ∈ B2
δ3, z ∈ B3
ξk, z ∈ Gk, k = 2, 3, . . .
ηk, z ∈ Bk, k = 4, 5, . . .
Clearly α(z) is continuous on S and analytic in S◦. Thus there is an entire function γ(z)
such that |γ(z)−α(z)| < ǫ(z) for all z ∈ S. The function f(z) = eγ(z) is an entire function
and it satisfies
|f(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|f(z) + 6| <
1
2
, z ∈ G1,
|f(z)− 10| <
1
2
, z ∈ B1,
|f(z) + 6| <
1
2
, z ∈ G2,
|f(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 2, 3, . . . ,
and
|f(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 3, 4, . . . .
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Also β(z) is a continuous function on S and analytic in S◦, there exist an entire function
γ1(z) such that if g(z) = e
γ1(z) then
|g(z)− 2| <
1
2
, z ∈ G0 ∪
{⋃
∞
k=1(Lk ∪Mk)
}
,
|g(z) + 14| <
1
2
, z ∈ G1,
|g(z)− 10| <
1
2
, z ∈ B1,
|g(z) + 14| <
1
2
, z ∈ B2,
|g(z) + 10| <
1
2
, z ∈ B3,
|g(z)− (4k + 6)| <
1
2
, z ∈ Gk, k = 2, 3, . . . ,
and
|g(z) + (4k + 6)| <
1
2
, z ∈ Bk, k = 4, 5, . . . .
It can now be easily seen that G1 lies in the preperiodic component of f and preperiodic
component of g and also lies in the preperiodic component of g◦f but lies in the wandering
component of f ◦ g. 
Remark 2.16. (i) B1 lies in the periodic component of f and wandering component of
g and lies in the wandering component of g ◦ f and periodic component of f ◦ g.
(ii) G2 lies in the periodic component of f and wandering component of g and lies in
the periodic component of g ◦ f and wandering component of f ◦ g.
(iii) Gk, k ≥ 3 lies in the wandering component of f and wandering component of g and
also lies in the wandering component of g ◦ f and wandering component of f ◦ g.
(iv) B2 lies in the wandering component of f and periodic component of g and lies in
the periodic component of g ◦ f and wandering component of f ◦ g.
(v) B3 lies in the wandering component of f and periodic component of g and lies in
the wandering component of g ◦ f and periodic component of f ◦ g.
(vi) Bk, k ≥ 4 lies in the wandering component of f and wandering component of g and
also lies in the wandering component of g ◦ f and wandering component of f ◦ g.
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